Synthesis of Linear Hybrid Automata

from Experimental Data

Miriam Garcia Soto

Co-authored work with Thomas A. Henzinger, Christian Schilling and Luka Zeleznik

IST Austria - 2019



Motivation

Main goal of many sciences is to create a model from a real system

Weignt

*
od
[
5 A ! d
G ¥ O - . = X
: A et RO ALAY e
R e T : .
1 AR 1 VPOE T s
P m e L e Analysis
2 BT i LA
Lk, ot L &7 Averegn Yearly Tamzaralures in New Heven, Connecticut
P L -
LY ar q':_' r .
£ by
- -‘.C.

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

Experimental data



Motivation

Main goal of many sciences is to create a model from a real system

Weignt

R
§ A PR 5 ::? : - date 1
A nalysis
o A% :.‘_‘! E Averege Yearl Hevwn, Sonnecticut

=g : .

vvvvvvvvvvvvvvvvvvv

Experimental data

Challenge
How to automatically create a model?




Motivation

Main goal of many sciences is to create a model from a real system

Weignt

T &l iy .
§ A PR 5 ::? : - date 1
5 i3 ,E:.:‘... T- & el n eSIS
o A% :.‘_‘! 2 E Averege Yearl Hevwn, Sonnecticut
e : .

vvvvvvvvvvvvvvvvvvv

Experimental data

Challenge
How to automatically create a model?




Model: Linear Hybrid Automaton




Hybrid behavior

Theauralof ewocence, My 15,2003 - 2310143694377 - 369

A circuit for navigation in Caenorhabditis elegans

Jesse M. Gray*, Joseph J. Hill, and Cornelia I. Bargmann*"

Step Response Analysis of Thermotaxis in Caenorhabditis
elegans

Programs in Developmental Biology, Genetics, and Neuroscience, Anatomy and and Biophysics, Howard Hughes
a:

Medical Institute, University of Callfornia, San Francisco, CA 94143

Hatim A. Zariwala,* Adam C. M.uex," Serge Faumont,* and Shawn R. Lockery*

. Stony Br

Neuroscience, University of Oregon, Lugene Oregon 97403

Tho Journal of Neurosciece, uy 1, 2002, Z2(19/5727-5733

Ther is in C
Responses to Defined Thermal Stimuli

William S. Ryu and Aravinthan D. T. Samuel

ty hili

Pl

of steps. Comparison of wild-type and mutant response patterns suggested a model in v
response to the gradient depending on the orientation of the worm reltive to its prefer

Departmen and Colular Biology, Harvard University, Cambridge, Mas
42

Poniand msito b Sconce, Cambrid, Massachusotts 21

In s st el aaden, Coonornabtiscogans migratos

P
systems mechanisr
Key words: C.

Introduction the migration phase ¢
a xis assays, with epis

thermal (thermotaxis) gradients (Ward, 1973; Hedgecock and
Russell, 1975), m: a promising experimental system for
investigating the neuronal basis of spatial orientation. Previous
tudies have established a plausible behavioral mechanism for

al, 1999). Locomotion consists of periods of relatively straight-
forward movement punctuated approximately twice per minute
by bouts of tuning (Rutherford and Croll, 1979). Two main
kinds of turns are recognized in C. elegans: “reversals,” in which
the animal moves backward for several seconds and then goes
forward again in a new direction, and “omega turns,” in which
the animal’s head bends around to touch the tail during forward
tion, momentarily forming a shape like the Greek letter
(Croll, 1975b). Statistical analysis reveals that reversals and
omega tums occur in burststhat hae been ermed pirouts
etal, 1999 is mo
lated by e ot thangL of chemical concentration (dC/d
when dC/dt is <0, pirouette probability is increased, whereas
when dC/dtis 0, pirouette probability is decreased. Thus, runs
down the gradient are truncated, and runs up the gradient are
extended, resulting in net movement toward the gradient peak.
e pirouete srtegy in chemotass suggests a re:wm:lbl(
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Caenorhabitis elegans explores its environment by interrupting
its forward movement with occasional turns and reversals, Turns
and reversals occur at stable frequencies but irregular inte

rvals,
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Hedgecock and Russell (1975) also harvested mutants that failed
1o aggregate at T, and found that they could be classified as

aggrogating at all). On the basis of this classification, Hedgecock
and Rasll (1575 nggsod that competing themophil. axd
eryophilic drives produce thermotactic behavior and that iso
el eackin ceers a i bl

‘Mori and Ohshima (1995) identified neurons involved in ther-
motaxis by laser ablation. The resulting defecs in behavior could

K and Russell 1975),
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SUMMARY

While isolated motor actions can be correlated with

organized behaviors like action sequences. Using
brain-wide calcium imaging in Caenorhabditis ele-
gans, we show that a large proportion of neurons

ordinated, dynamical network activity. This brain
state evolves on a cycle, each segmem of which o
cruits the activities of nt neuronal sub-popula-
tions and can be explicitly mapped, on a single trial
basis, to the animals’ major motor commands. This
organization defines the assembly of motor com-

eycles, nclucing decisons betveen aftenatve bo-
iynamics serve as a robust scaffold
for acmon seecon response to sensory input.
This study shows that the coordination of neuronal

spond to the cryophi
'

that might correspond
for migration down g1
orientation, shortenip
temperature and ler
changes in temperatu
‘modulates run orient

y
the high-level organization of behavior.
INTRODUCTION

Behavior is composed of individual motor actions and motis,
such as limb movements or gaits, which do not achieve organ-
ismal goals unless they are orchestrated into longer-lastin
action sequences and behavioral strategies, like navigation,
grooming, or courtship (Anderson and Perona, 2014; Gray
etal, 2005; Seeds et al, 2014). Ethologists often make quanita-

Technology, Pasadena, CA 91125, USA

behavior. Recent studies in invertebrate motor ganglia and
mammalian Gortex show that selection, execution, and shaping

despite th
participation of hundreds of sampled neurons, their activity is
coordinated, and meaningful signals can thus be reduced o
far fower dimensions. Moreover, neuronal populations encode
information dynamically (Briggman et al. 2005; Bruno et al.
2015; Churchiand ot a., 2012; Cunningham and Yu, 2014; Har-
vey etal, 2012; Jin et al, 2014; Mante et a, 2013). For practical
reasons, recordings in these studies have been performed over

foral tasks. Hence, the neuronal mechariems that govern the

continuous control of behavior and s time course, encompass-

ing long-lasting and repeated action sequences, remain enig-

Furthermore, approaches have been typically imited by

the need to average across trials or to sub-sample from local
tor

1 sensory neurons, interneurons, and_ motor
i fons. After

a local
nsisting of reversals and deep omeqa Shaped
AWC olfactory neurons, ASK gustatory neurons,
ans. Over the following 30 min, the animals
als and omega turns are suppressed by ASI
and AIY interneurons. Interneurons and motor
am of AIB and AIY encode specific aspects of
‘requency, amplitude, and directionality. SMD
» encode the steep amplitude of omega turns,
specify the ventral bias of turns that follow a
motor neurons set the amplllude of sinusoidal
of these sensory n terneurons, and
Sl implicated in chamotaxis and thermotas.
2y represent a commen substrate for multiple

loratory behavior | neural circuit

of the National Academy of Sciences elected on April 29, 2003,

tion, switching between shallow and deep bends. The neuronal
pathwaysthat comvet sensory informalion ito specifc wrning
behaviors are incompletely de command neurons are
ot required for the feneration of sinusoidal forward movement
(4, 11); the neurons that modulate forward movement to cause
curving and omega turns are unknown.

n C. elegans, taxis behaviors have features of a biased random
walk (14-16) (J.M.G. and C.LB., unpublished dm), a strategy
first described in bacterial chemotaxis (17). During a biased
random walk, periods of relatively straight movement (“runs”
are interrupted by periods of rapi
(“tumbles” in bacteria and “pirouettes” in C. elegans). A pirou-
e is  period marked by reversals or sharp tarns (14). In &
biased random walk, individual trajectories are not predictable.
However, when the environment is improving (e.g., when con-
centrations of attractant increase), pirouettes become less fre-
quent. When the environment is declinin; ettes become
mrefrequent. This tatcgy biases the direetion of travel tovard
favorable cond

We sought to understand the mechanisms by which sensory
neurons modulate the frequency of reversals and turns in C.
elegans and the dnwlmream neuronal circuits that generate
specific features of these behaviors. The presence of food affects
many aspects of C. elegam locomotion (18-21). Here we use a

i ect

g

ravels through its its nervous

adaptive movement. For simple behaviors,
ometimes communicate directly with motor
sre complex behavioral circuits, several layers
tegrate sensory information and relay it to
e path from sensory input to motor output has
Iya few cases, including circuits for crustacean
sircuits for rapid escape in fish, flies, and
In the nematode Cacnorhabiis elegans, the
defined by using a complete synaptic wiring
12 neurons in its nervous system (4, 5). Six
teurons that detect noxious stimuli synapse
interneurons called forward and backward
‘The command neurons synapse in turn onto
ponsible for forward and backward locomo-
pid withdrawal from the stimulus. The defi-

Jrva a5 G iegars revaid ot podnion
s comelated across distant brain regions. Thes
relovant
ocour at the level of global popuiation dynamics and highlight
enefi of brain-wide sampling (Anrens et al. 2012, 2015
Lemon et al, 2015 Panier et al, 2013; Prevedel ot al, 2014;
Schrddel et al, 2013)

The nematode C. legans s an attractive modal system to
address these problems, due to ts stereotypic nervous system
of just 302 identifiable neurons grouped into 118 anatomical

classes (White et al. 1986). However, prior to the
availabilty of whole-brain imaging, past studies had not ex-
plored distibuted or population dynamics in C. elegans.
Instead, identified interneurons and pre-motor neurons have

tive descriptions of this higher-level organization using state

b descrbed as dedcated ancodes of speclc senory
inputs plac

ced In a context

2014). The brain's representaion of behavior must account for
both detalled merics of individual actons (2., sirength and
peed o gai), as wel o
level rchestration. Identiing how these aspects of behavior
correspond to measurable neural activty Is a necessary step
toward understanding how the brain encodes and produces.

656 Cal 163, 656-669, October 22, 2015 2015 Elsevier nc.

ences for examples: Chalasani et al, 2007; Donnely et
2013; Gray et al, 2005; Ha et al, 2010; lino and Yoshida,
2008; Kimata et al, 2012) pathways largely
overiap and e ambacdded n & otzontly rgarized and 1o

currently connected neuronal wiing diagram (Varshney et al.
2011; White ot al, 1986). Moreover, recent functional imaging

@

se circuit has enabled analysis of its develop-
nd experience (6-11). The C.

y
sram provides an opportunity to define many
1 paths from sensory stimulus to behavior.

1 the escape circuit, the neuronal control of

acircuit
hat uses sensory cues i modulate turning rates in two kinds of
exploratory behavior: local search after animals are removed
from food and long-range dispersal after prolonged food depri-
vation. Thwe exploratory behaviors in the absence of directional
cues share many features with a biased random walk. Our results
delineate a behavioral circuit for navigation in C. elegans from
sensory input 1o motor output.

Materials and Methods
Strains. C. elegans strains were maintained and grown according
to standard procedures (: e following strains were used:
wild-type strain N2, PRS11 osm-6 (p811) V, PR802osm-3 (p302)

V., CBI033 che-2 (e1033) X, CBI112 cat-2 (e1112) 11, GR1321
tph-1 (mg280) 11, OHS 11x-3 (mg158) X, CX3299 lin-15 (n765ts)
X; kyls30fodr-2bzgfp: lin-13(+)], CX3300 lin-15 (n76515) X;
kylss1[odr-2 gfp lin-15(+)], CX6896 mgls18[ttx-3::gfp) 1V, and
akls3{nmr-1:gfp

Behavioral Assays. Young adult animals were first observed on
OPS0 food in covered plates for 5 min and then transferred onto
a fresh, foodless nematode growth medium plate (22). Obser-
vation began I min after transfer (24). Reversals of three or more
head swings were scored as long reversals. Omega turns were
visually identified by the head nearly touching the tail or a

1ent either by a transient reversal or by turning
‘orward movement. The largest change in
ted in a sharp omega turn during which the
se resembles the Greek letter € (12, 13) (Fig.
svement itself can also change during naviga-

March 1,2005 | vol. 102 | no.9

See accompanying Bography on page 31
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* Finite behavioral states
* Behavioral states depending on concentration of food, oxygen, temperature, etc.

+ Mixed discrete and continuous behavior
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Caenorhabitis elegans explores its environment by interrupting
its forward movement with occasional turns and reversals, Turns
and reversals occur at stable frequencies but irregular intervals,
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tion, switching between shallow and deep bends. The neuronal
pathways that convert sensory ml'ormallon into specific turning
behaviors are incompletely d command neurons are
not required for the generation of sinusoidal forward movement
(4, 11); the neurons that modulate forward movement to cause
curving and omega turns are unknown

n C. elegans, taxis behaviors have features of a biased random
walk (14-16) (JM.G. and C.LB., unpublished data), a strategy
first described in bacterial chemotaxis (17). During a biased
random walk, periods of relatively straight movement (“runs”)
are
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thermal (thermotaxis) gradients (Ward, 1973; Hedgecock and
Russell, 1975), making it a promising experimental system for
investigating the neuronal basis of spatial orientation. Previous
tudies have established a plausible behavioral mechanism for

al, 1999). Locomotion consists of periods of relatively straight-
forward movement punctuated approximately twice per minute
by bouts of tuning (Rutherford and Croll, 1979). Two main
kinds of turns are recognized in C. elegans: “reversals,” in which
the animal moves backward for several seconds and then goes
forward again in a new direction, and “omega turns,” in which
the animal’s head bends around to touch the tail during forward
omotion, momentarily forming a shape like the Greek lett
(Croll, 1975b). Statistical analysis reveals that reversals and
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While isolated motor actions can be correlated with

organized behaviors like action sequences. Using
brain-wide calcium imaging in Caenorhabditis ele-
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behavior. Recent studies in invertebrate motor ganglia and
mammalian Gortex show that selection, execution, and shaping

tethe
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coordinated, and meaningful signals can thus be reduced o
far fower dimensions. Moreover, neuronal populations encode
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cues share many features with a biased random walk. Our results
delineate a behavioral circuit for navigation in C. elegans from
sensory input 1o motor output.
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address these problems, due to ts stereotypic nervous system
of just 302 identifiable neurons grouped into 118 anatomical

try classes (White et al. 1986). However, prior to the
bty of vhol-ban rag, pes stk fad 1ol e
plored_distibuted or population dynamics in C. elegans.
Instead, igentifid intemeurons and pre-motor neurons have

tive descriptions of this higher-level organization using state

b descrbed as dedcated ancodes of speclc senory
inputs placed in a context

2014). The brain's representation of behavior must account for
both detailed matrics of individual actions (e.g., strength and
peed of gai, as well o
level orchestration. Ideniifying how these aspects of behavior
correspond to measurable neural activty fs a necessary step
toward understanding how the brain encodes and produces
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ences for examples: Chalasani et al, 2007; Donnely et
2013; Gray et al, 2005; Ha et al, 2010; lino and Yoshida,
2008, Kmata o al, 2072). Howeve, these pathways largely
overiap and oo ambedded n & Rtrontly rganzed and 1o

currently connected neuronal wiing diagram (Varshney et al.
2011; White ot al, 1986). Moreover, recent functional imaging

@

1 paths from sensory stimulus to behavior.
1 the escape circuit, the neuronal control of

iors in the absence of informative sensory

a fresh, foodless nematode growth medium plate (22). Obser-
vation began I min after transfer (24). Reversals of three or more
head swings were scored as long reversals. Omega turns were
visually identified by the head nearly touching the tail or a

moves forward and changes its
1ent either by a transient reversal or by turning
‘orward movement. The largest change in
ted in a sharp omega turn during which the
e resembles the Greek letter €2 (12, 13) (Fi

swement itself can also change during naviga-
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* Finite behavioral states
* Behavioral states depending on concentration of food, oxygen, temperature, etc.

+ Mixed discrete and continuous behavior

Hybrid Systems capture the mixed continuous and discrete behaviour




Linear Hybrid Automaton (LLHA

-~

Definition. A linear hybrid automaton (LHA) H is a tuple (Q, E, Rn, Flow, Inv, Grd)
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Q is a finite set of modes,
E € Q x Q is a transition relation,
Flow: Q — Rn is the flow function,

Inv: Q — cpoly(n) is the invariant function, and

Grd: E —cpoly(n) is the guard function, where cpoly(n) is the set of compact

/

and convex polyhedral sets over Rn.

xr € Grd(qi, qz)
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* We consider non deterministic linear hybrid automata

* The LHA features piecewise-linear executions
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* We consider non deterministic linear hybrid automata

* The LHA features piecewise-linear executions



Piecewise-linear function

-

\_

Definition. f: [0,T] — Rn is an m-piecewise-linear (m-PWL) function if

* fZ p1, p2,--., Pm S€quence of m affine pieces of the form pi(t) = ait + b;,
where:

* aj is the slope(pi) and b is the initial value
* f(t) = pi(t) for t € dom(ps)

* fis continuous

~

switching points

pieces(f) = p1, P2, P, P4

o = T2 = T3

switching times



Data: Piecewise-linear

appr()leatlon



Time series Over-approximation

* Douglas-Peucker line simplification algorithm
* Linear regression

* Hakimi-Schmeichel algorithm
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Canonical hinear hybrid automaton

‘b N\

efinition. Let f be an n-dimensional PWL function. Then, the canonical automaton
of fis defined as Hr= (Q, E, R0, Flow, Inv, Grd) with

* Q={qa:a€Rn I p & pieces(f) with slope(p) = a},

* E={(qa, q) EQ x Q: 3 p, p’ € pieces(f) adjacent, slope(p) = a, slope(p’) = a’}

* Flow(qa) = a,

* Inv(qa) = convex_hull ({img(p) : p € pieces(f), slope(p) = a}), and

* Grd(qa,qa’) = convex_hull ({end_point(p) : 3 p, p” € pieces(f) adjacent, slope(p) =

K a, slope(p’) = a’}) /

PWL function f Canonical automaton Hy

r=1

slope(p1) =1, slope(p2) =0, slope(p1) =1 11



Canonical linear hybrid automaton

‘b N\

efinition. Let f be an n-dimensional PWL function. Then, the canonical automaton
of fis defined as Hr= (Q, E, R0, Flow, Inv, Grd) with

* Q={qa:a€Rn I p & pieces(f) with slope(p) = a},
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* Flow(qa) = a,

* Inv(qa) = convex_hull ({img(p) : p € pieces(f), slope(p) = a}), and

* Grd(qa,qa’) = convex_hull ({end_point(p) : 3 p, p” € pieces(f) adjacent, slope(p) =

K a, slope(p’) = a’}) /

PWL function f Canonical automaton Hy

r=1

Given a PWL function f,
f1s an execution of Hy 1

slope(p1) =1, slope(p2) =0, slope(p1) =1




Synthesis Problem
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Synthesis problem

Given a finite set of PWL functions F and a value € € Ry,

construct an LHA H that e-captures every function f € F.

Definition. Given a PWL function f and a value & € R.o, we say that an
LHA H e-captures fif there exists an execution o in H with d(f, o) < e.

I//\\\// f d(f, o) = maxce o) If (t) - o(t) I

0 T t

¢ 15 a trade-off between the size and the precision of the model.

13



Specifications

We solve the synthesis problem for two different specifications,
in addition to H e-capturing every function fin F :

Synchronous specification

Asynchronous speciﬁcation

14



Synchronous specification
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Synchronous specification

Specification

* H e-captures every function fin F

* H switches synchronously with the functions in F
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Synchronous specification

Specification

* H e-captures every function fin F

* H switches synchronously with the functions in F
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Synchronous specification

Specification

* H e-captures every function fin F

* H switches synchronously with the functions in F

X 1 A1
X
/. X2 Xg !
Xo f
to ) £ ts t, I
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SMT-based synthesis approach

SMT-based synthesis approach

* For every function fin F, construct a PWL function g satisfying the
specification with ¢ different slopes:

T g8=qy.-qm

* Switching times of g are the same as switching times of f: tq, ..., tm

* Switching points of g are yy, ..., ym and they are e-close to switching
points of f, xo = f(to), ..., Xm = f{tm) — Expressed as y; € X;

+ b1 =slope(qi), ..., bm = slope(qm) with £ different values (cy,...,cy)

m m m
bre()= Nyi=yim1+bit; —tim) A Ny € X8 AV by =ci
J=1 j=0 j=1k=1
X 4 A
X2 X3 X4
X0 f
ey
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SMT-based synthesis approach

* For every function fin F, construct a PWL function g satisfying the
specification with ¢ different slopes:

T g8=qy.-qm

* Switching times of g are the same as switching times of f: tq, ..., tm

* Switching points of g are yy, ..., ym and they are e-close to switching
points of f, xo = f(to), ..., Xm = f{tm) — Expressed as y; € X;

+ b1 =slope(qi), ..., bm = slope(qm) with £ different values (cy,...,cy)

Qbf,s(g) = /\ Yi =Yj-1+ bj(tj — tj_l) A /\ Y; € Xj N /\ \/ bj = Ci
J=1 j=0 j=1k=1
X 4 A
X4 e
A2 X3 g satisfies ¢re(3)
X0 81 r
ey

19



SMT-based synthesis approach

SMT-based synthesis approach

+ Global linear arithmetic formula for F
QE(C) = Njer Pre(?) —>  SMT solver

* Minimization of the number of different slopes

minsav Ore(¢) is satisfiable

M = # different slopes in F :{> G=1gr:fEF

* (Canonical automaton of G —>  Hg

20



SMT-based synthesis approach

SMT-based synthesis approach

+ Global linear arithmetic formula for F
QE(C) = Njer Pre(?) —>  SMT solver

* Minimization of the number of different slopes

minsav Ore(¢) is satisfiable

M = # different slopes in F :{> G=1gr:fEF

* (Canonical automaton of G —>  Hg

F’"

Theorem - SMT-based synthesis

Given a finite set of PWL functions F and a value ¢ >0, the LHA Hg solves

the synthesis problem with minimal number of modes.

20



SMT-based synthesis approach

* SMT-based synthesis approach provides an optimal global solution
* Works well with short and low-dimensional input PWL functions

* Does not scale to realistic problem sizes

Alternate approach

Membership-based synthesis approach

21



Asynchronous specification
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Asynchronous specification

Specification

* H e-captures every function fin F

* H switches in the time interval determined by the previous and
posterior time instants in the functions fin F
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Asynchronous specification

Specification

* H e-captures every function fin F

* H switches in the time interval determined by the previous and
posterior time instants in the functions fin F
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Membership-based synthesis approach

F={f, 1>, ..., In} » Initial LHA

1:=2 H1

1:=1+1

fi

—> Hr = HN

Relax LHA

Yes

Membership

R
;= JHi

Adapt LHA

A
i = Hig
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Membership-based synthesis approach

1
F={fy, £, ..., fn} f » Initial LHA
i:=2| Hi
b i=1+1
f <
v
Yes
Membership
H; =Hi;
N
o — Hr = Hn
Relax LHA
HY l
) Yes
Membership -
H; =Hiy
No
Adapt LHA
P H; = H

* Systematically iterates over new data

* A positive initial membership result requires no modification of the LHA
* Returns a counterexample when the membership in the relaxed LHA fails

* The counterexample is used to not only increment the guards and invariants of

the LHA but to add discrete modes

27



Membership
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Membership problem

Given an LHA H and a PWL function f, decide if there exists an
execution o in H consistent with fand such that d(f, o) < e

Definition. An execution o of H is consistent with an m-PWL function f =p;,...,pmif O
has m affine pieces and its switching times ty,...,tm-1 are such that t; € domain(p; U pi+1)
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Membership problem

Given an LHA H and a PWL function f, decide if there exists an
execution o in H consistent with fand such that d(f, o) < e

Definition. An execution o of H is consistent with an m-PWL function f =p;,...,pmif O
has m affine pieces and its switching times ty,...,tm-1 are such that t; € domain(p; U pi+1)

Membership procedure

* Construct the e-tube of f
* Search for all mode paths 7 of length m in H

* Search for executions determined by 7t satisfying the problem constraints
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Membership problem

Given an LHA H and a PWL function f, decide if there exists an
execution o in H consistent with fand such that d(f, o) < e

Definition. An execution o of H is consistent with an m-PWL function f =p;,...,pmif O

has m affine pieces and its switching times ty,...,tm-1 are such that t; € domain(p; U pi+1)

Membership procedure

* Construct the e-tube of f

* Search for all mode paths 7 of length m in H

* Search for executions determined by 7t satisfying the problem constraints

Analysis core:

reachability computation

57
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Reachability computation

* Linear hybrid automaton H and PWL function f

* m=q1, q2, q3, @4 mode path in H

Flow(q1) Flow(q2) Flow(qs) Flow(qa)

/ N - -~
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Reachability computation

Basic computation: reachable switching set

* Consider two e-tube pieces F; and F

* Consider two modes, qi and qp, their flows, Flow(qi) and Flow(q), and

the guard from qi to @2, G.

* Consider an initial polyhedral set P

Flow(q1) Flow(qy)

31



Reachability computation

Flow(q1)

Aaux = POST (P, Gy, Flow(q1))

A = PRE (X3, Aavx, Flow(qp))

Gi=F1nG G =FnG

Baux = PRE (X, P, Flow(q1))

B = POST (Baux, G,, Flow(q1))
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Reachability computation

Reachable switching set

P=AUB

* Compute iteratively the reachable switching set P until the last e-tube piece:

Last P # & = membership True

Last P = & = membership False
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Reachability computation

Reachable switching set

P=AUB

* Compute iteratively the reachable switching set P until the last e-tube piece:

Last P # & = membership True

Last P = & = membership False

If membership of f in H is False, then relax the LHA model.

33



Relaxation
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Relaxation problem

Given an LHA H and a m-PWL function f, does there exist an

execution o in H consistent with f and such that d(f, o) < e by

expanding the guards and invariants of H?

Flow(qz1) Flow(qy)
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Relaxation problem

Given an LHA H and a m-PWL function f, does there exist an

execution o in H consistent with f and such that d(f, o) < e by
expanding the guards and invariants of H?

Flow(qz1) Flow(qy)

v
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Relaxation problem

Given an LHA H and a m-PWL function f, does there exist an

execution o in H consistent with f and such that d(f, o) < e by

expanding the guards and invariants of H?

Flow(qz) Flow(qp)

If relaxation of H fails, then modify the discrete structure of the LHA model.

36



37



Adaptation problem

Given an LHA H, a PWL function f and a path 7 in H, construct
a path 7’ by preserving locations in 7 such that there exists an
execution o in H for 7’ with d(f, o) < e

Adaptation procedure

* Recall f=p1,..., pmandm=qy,..., dm
# Construct ' =7
+ Compute iteratively the reachable switching sets P; until emptiness
+ If P; = &, then:
1. Replace qiby q’iin ™’
2. Replace gi.1 by q’i-1 in 7@’
3. From gi2 to qi
4. Until P; = O

38



Adaptation problem

Given an LHA H, a PWL function f and a path 7t in H, construct
a path 7’ by preserving locations in 7 such that there exists an
execution o in H for 7’ with d(f, o) < e

Adaptation procedure

* Recall f=p1,..., pmandt=qy,..., dm
* Construct ' =7t

+ Compute iteratively the reachable switching sets P; until emptiness

+ If P; = &, then:
1. Replace qi by q'i in 7’ Replacement consists of 2 different strategies:
2. Replace qi1 by q'i1in 70 1. Existing q’; with Flow(q";) = slope(pi)
3. From gi2 to qu
4. Until Py = &

2. New ('; with Flow(q';) = slope(p)
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Adaptation problem

Given an LHA H, a PWL function f and a path 7t in H, construct
a path 7’ by preserving locations in 7 such that there exists an
execution o in H for 7’ with d(f, o) < e

Adaptation procedure

* Recall f=p1,..., pmandt=qy,..., dm
* Construct ' =7t

+ Compute iteratively the reachable switching sets P; until emptiness

+ If P; = &, then:
1. Replace qi by q'i in 7’ Replacement consists of 2 different strategies:
2. Replace gi1 by q'i1in 70 1. Existing q’; with Flow(q'’;) = slope(pi)
3. From gi2 to qu
4. Until Py = &

2. New ('; with Flow(q';) = slope(p)

Modify the LHA H to include the location path Tt’.
38




Experiments

39



Synthetic data

Original LHA Synthesized LHA after 10 iterations
P Yo
([(&=1 Jre[510] é=-1 | 3 = 1 555902( P=-1 |

LZE c [O@wtjm, 10]] | € [1.58,9. m]J@k € [1.45,9.02]
z=0 /

E 5 17, 713 x E 5 17,558]

( a;—O
c 6.7 L 7]J 6.31,7.13]

T

X

Executions of original LHA

Synthesized LHA after 100 iterations

10.04

7.5

5041 7 /\\\\///\\\///\

” ( 3 = 1 7 € [5.11,9.80](
I —— | € [0.58,9.80] | & € [0.58,5.06] :1;6[048980

Executions of synthesized LHA

f r =0
10.0; 5 86, 7.13 T € (4. 97 6.02
N _ | =€ [a97,7. 13]J | |
o NN

0.0 — . . . . 40




Cell model

Synthesized LHA
x € [—76.04, —73.92] x € [—76.04, —73.92]
( &i=-213 |} [ &=000 | [ &=13002 )
@ € [~76.04,—4.00] @ € [~76.04,—73.92] @ € [~76.04,46.02]
© € [~6.05, —4.00] v € [43.96,46.02]
@ € [~6.05,36.02] | 1z € [33.79,46.02]
Input PWL functions Simulations of the synthesized LHA
40- 40- \ I
20 \ 201 \
E 0 0
%—20- —201
S a0 —40
—60 —60 -
% 100 200 300 400 500 % 100 200 300 400 500

time (ms) time (ms)
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Conclusion
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* Development of two automatic approaches for synthesizing linear hybrid

automata from experimental data
* Nondeterministic guards and invariants
* Arbitrary number and topology of locations
* The synthesized automaton reproduce the data up to a tolerance
* Both algorithms well-suited for online and synthesis-in-the-loop applications

* SMT-based approach minimizes the size of the model but it is feasible for limited

data sets

* Membership-based approach trades-off between size and precision of the model
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